In this paper, we study the existence and uniqueness of fixed points for a class of self-mappings satisfying certain rational expressions on closed, bounded and convex subsets with normal structures in reflexive Banach spaces. We show that, in particular, this class extends that introduced by Ray and Singh (Indian J. Pure Appl. Math. 9:216-221, 1978). As an application, we give an investigation of the convergence and stability of some iterative processes associated to these mappings.
Introduction
It is well known that the Banach contraction principle was the starting point for the development of fixed point theory allowing the advancement of the analysis and nonlinear analysis in particular. During more than fifty years, there has been a lot of production in this area and many well-known fixed theorems have been established and investigated by several authors (see, for example, [-] and the references therein).
Definition . A function : [, +∞[ − → [, +∞[ is called a comparison function if it satisfies the following conditions:
(i) is monotone nondecreasing; (ii) lim n− →+∞ n (t) =  for all t >  ( n stands for the nth iterate of ).
Remark . Every comparison function satisfies () =  and (t) < t, ∀t > .
Fixed point theory has been and will remain an important tool in the study of the existence and uniqueness of solutions of differential and integral equations. Among the extensions of Banach's principle, we quote the fixed point result of Boyd and Wong [] .
Theorem . [] Let (X, d) be a complete metric space and T be a self-mapping on X satisfying that d T(x), T(y) ≤ d(x, y) (where is a comparison function).

Then T has a unique fixed point in X.
Other rational expressions generalizing the same principle have been investigated by several authors. Among the more classical ones, those that have been established by Jaggi, Dass and Gupta.
Definition . Let (X, · ) be a normed space and K be a nonempty bounded subset of X. Let T : K − → K be a mapping, T is said to be orbitally controlled if ∀n ∈ N, n ≥ , ∀x ∈ X and for all i, j ∈ {, . . . , n}, there exists  ≤ k ≤ n such that
Remark . The integer k indicated in the above definition can be chosen independently of i, j. Indeed, let n ≥  and x ∈ K , and assume that for all i, j ∈ {, . . . , n}, there exists an integer k (depending on i, j) such that
If we define l = max{ x -T k i,j (x) , i, j = , . . . , n}, then there exist i  , j  ∈ {, . . . , n} such that l = x -T k i  ,j  (x) ; consequently, we get
for all i, j ∈ {, . . . , n} (here k i  ,j  is independent of i and j).
If T is orbitally controlled, then for each x ∈ K and n ≥ , there exist  ≤ β
The set of orbitally controlled self-mappings on K will be denoted by K .
Main results
First of all, we will show that K contains in particular the set of all nonexpansive selfmappings K .
Proposition . Let (X, · ) be a normed space and K be a nonempty bounded subset of X. Then K ⊆ K .
Proof Let T ∈ K and let n ∈ N, n ≥ . If x ∈ K and i, j ∈ {, . . . , n}, j > i, we have
which implies that T satisfies () (since  ≤ j -i < n), thus T ∈ K , which gives the result.
Let us give now the definition of quasi-contraction self-mappings.
Definition . Let (X, · ) be a normed space and K be a nonempty subset of X. A selfmapping T on K is said to be a quasi-contraction mapping if there exists η ∈ [, [ such that
for all x, y ∈ K .
The set of quasi-contraction self-mappings on K will be denoted by K .
Proposition . Let (X, · ) be a normed space and K be a nonempty bounded subset of X.
This shows that () is satisfied for T and, consequently, K ⊆ K .
Lemma . Let (X, · ) be a normed space and K be a nonempty subset of X. Let n
Let P be a real polynomial given by
Let (X, · ) be a normed space and K be a nonempty subset of X. Let T : K − → K be a self-mapping. By F(T), we will designate the set of fixed points of T in K , the convex hull of K is denoted by co(K) and the closed convex hull of K is denoted by co(K).
Proposition . If K is a nonempty, bounded and convex subset in X and T
z,
for all i = , . . . , n -. Moreover, it is easy to observe that . We obtain that
In this case, we observe that F(P(T)) = [, ] and, consequently, we have F(T) F(P(T)).
By the same techniques as in the proof of Proposition ., we prove the following proposition.
Proposition . If K is a nonempty, bounded and convex subset in a normed space X and T ∈ K with k =  for all n ∈ N, n ≥  and all x ∈ K , then F(T) = F(P(T)).
Proof Indeed, in this case, the last inequality in the proof of Proposition . becomes
and shows that r x  (T) = . By replacing in this inequality, we get also δ(O(x, n)) = , which gives the desired result. Now, we give the following important preparatory result.
Proposition . Let K be a nonempty subset of a normed space X, and let T be a selfmapping defined on K satisfying that for all
, we have necessarily x = T(y) together with the following condition:
for all x, y ∈ K , where: 
and for all strictly positive integers m and n, we have
.
Applying (ii) and (iii), we get
. . .
Using the first assertion together with the fact that  and  are nondecreasing relative to the first variable and (iii), we obtain that
This gives that T satisfies () (here k =  for all integers n, m ≥  and for all x ∈ K ). Definition . A bounded convex subset K of a Banach space X is said to have a normal structure if for each convex subset M of K with more than one point, there is a point x ∈ M such that
Under the assumptions of Proposition ., in the following theorem we take  
Theorem . Let K be a nonempty, bounded, closed, convex subset of a reflexive Banach space X having a normal structure, and let T be a continuous self-mapping defined on K satisfying that for all
(x, y) ∈ K × K , x = y,
if y = T(x), we have necessarily x = T(y) together with the following condition:
where ψ  is a strictly nondecreasing function and ψ  (t) ≤ t for all t ≥ .
Then T has a unique fixed point in K .
Proof Since X is a reflexive Banach space, then every descending family of nonempty closed convex subsets of X has nonempty intersection. Then we can use the Zorn lemma to obtain a minimal subset K  of K which is closed, convex and invariant under T.
• If δ(K  ) = , the problem is solved since in this case K  = {x  }, and thus T(x  ) = x  .
• Assume that δ(K  ) > .
Since K has a normal structure, then there exists y ∈ K  such that
δ (O(x) ) ≤ r} and G = co(T(H)), which is a nonempty convex closed subset of X. Let g ∈ G.
Then we will consider the following three cases.
Hence g ∈ H and T(g) ∈ G.
We put
We observe that γ  + γ  = , thus
which gives that
and, consequently, g ∈ H and T(g) ∈ G. Third case: If g is a limit of the form
By using the second case, we have that for all n ≥ ,
Let > , taking into account the continuity of T, we can choose n sufficiently large such that
and, consequently, we infer that
which implies that
Hence g ∈ H and T(g) ∈ G. But K  is minimal, thus K  = G, it follows that δ(K  ) = δ(G). Now, by taking into account the fact that if A is a subset of a Banach space X, we have
which is a contradiction, then δ(K  ) = , which gives that K  = {x  } and shows that T has a unique fixed point in K  .
Remark . If ψ  (t) = ψ  (t) = ψ  (t) = t, we find the main result of [].
Applications
We start this section by giving the concept of ϕ-quasi-nonexpansive mappings.
Definition . Let T be a self-mapping defined on a metric space (X, d). We say that T : X − → X is a ϕ-quasi-nonexpansive mapping if F(T) = ∅, and there exists a function
It is easy to observe that every contraction mapping is ϕ-quasi-nonexpansive with ϕ(t) = αt,  ≤ α <  and t ∈ [, +∞[, but the converse is false in general as the following example shows.
Example . Let ϕ : [, +∞[ − → [, +∞[ be a comparison function, and let X = R, then the mapping T : R − → R defined by
is ϕ-quasi-nonexpansive but not a contraction mapping. This implies that the class of ϕ-quasi-nonexpansive mappings contains strictly that of contraction mappings. In the case where ϕ = Id X , we obtain the concept of quasi-nonexpansive mappings introduced by Tricomi [] and studied by Diaz and Metcalf [, ] (for more details on the class of ϕ-quasinonexpansives, we can refer to [, ]).
Definition . A function : [, +∞[ − → [, +∞[ is called subadditive if for all t  , t  ∈ [, +∞[, we have (t  + t  ) ≤ (t  ) + (t  ).
Theorem . Under assumptions of Theorem ., if ψ  is a subadditive function with
Proof Let z be the unique fixed point of T in K and x ∈ K with x = z, then
Several iterative processes have been defined by many mathematicians. Some of them are the following. Picard iteration: Let (X, · ) be a normed space and T : X − → X be a self-mapping. Let x  ∈ X be fixed, we define the sequence {x n } n recursively by
is a normed space, Mann iteration is defined by the following algorithm:
where
Another iterative process of interest is the Ishikawa scheme of two steps given as follows: Let x  ∈ X be fixed, consider the sequence {x n } n defined by
where {α n } n and {β n } n are sequences in [, ].
In the case where β n = , the Ishikawa iteration reduces to the Mann iteration. In general, there is no dependence between convergence results for Picard, Mann and Ishikawa iterations. However, some partial results on the equivalence of these processes have been given by Rhoades and Soltuz (see [-] ).
Kirk iteration ([]): Let (X, · ) be a normed space, K be a closed, convex, bounded subset of X. Let T be a self-mapping defined on K . For each x ∈ K , the sequence {S n (x)} defined by S : K − → K , where 
(T(A)) < α(A).
We denote by B X the closed unit ball of the normed space X. The function α defined on the set of all subsets of X denoted by P(X) enjoys the following properties:
(a) regularity: α( ) =  if and only if is totally bounded; (b) nonsingularity: α is equal to zero on every one-element set; (c) monotonicity:
, where ρ denotes the Hausdorff semi-metric ρ(  ,  ) = inf{ >  :  + B X ⊃  ,  + B X ⊃  }; (f ) continuity: For any ∈ P(X) and any , there exists δ >  such that
The following two theorems are omitted.
Theorem . ([], Theorem ..) The Kuratowski measure of noncompactness is invariant under passage to the closure and to the convex hull: α( ) = α( ) = α(co( )).
Let us recall the following theorem due to Diaz and Metcalf [].
Theorem . Let T be a continuous self-mapping of the metric space (X, d) such that (i) F(T) is nonempty;
(ii) for each y ∈ X such that y / ∈ F(T) and for each z ∈ F(T), we have
Then one and only one of the following properties holds: (a) for each x  ∈ X, the Picard sequence {T n (x  )} contains no convergent subsequences;
converges to a point belonging to F(T).
Theorem . ([]) Let T : K − → K be a densifying mapping defined on a closed, bounded, convex subset K of a Banach space X. Then T has at least one fixed point.
Let us define the geometric property P(f  , f  , f  ) given as follows. Let (X, · ) be a normed space, we say that X has the property P(
In the case where f  = f  = f  = I R + , this property is satisfied by strictly convex Banach spaces.
Let (X, · ) be a Banach space and K be a closed, bounded subset of X. Let T : K − → K be a self-mapping on K . We define the set T as follows:
As in the case of Theorem ., in the following result we take  (t  , t  ) = ψ  (t  )ψ  (t  ), Proof Following Theorem ., it follows that F(T) = ∅. Moreover, S is a densifying mapping. Indeed, if A is a bounded subset of K such that α(A) > , then
Hence, by monotonicity, algebraic semi-additivity and semi-homogeneity properties, we get
The fact that T is densifying shows that
and therefore
Also, by use of Theorem ., F(S) = ∅. Moreover, by taking account of Propositions . and ., it follows that
We have S(A) = +∞ n= S n {x} ⊂ A and, since A = {x} ∪ S(A), this gives that
Since S is densifying, we establish that α(A) = , by the property of regularity, we establish that A is totally bounded and, consequently, A is compact (since X is a Banach space); therefore, the sequence {S n (x)} contains a convergent subsequence. Now, if y is a fixed point of T and x ∈ K\F(T), then T(y) = y and T(x) = y; consequently,
Moreover, the fact that ψ  is nondecreasing subadditive and ψ  ≤ min{ψ  , ψ  } gives that
The above inequality is strict, indeed, if
Using the property P(ψ  , ψ  , ψ  ) satisfied by the Banach space X, we get T(x) ∈ T , which is a contradiction. This gives that
It follows that
Then S satisfies conditions of the theorem of Diaz and Metcalf, which implies that lim n− →+∞ S n (x) exists and belongs to F(T) = F(S).
As an immediate consequence of the proof of Theorem ., we have the following. for each x ∈ K , the sequence {S n (x)} converges to x  .
Recall that for the case of numerical stability we say that a fixed point iteration process is numerically stable if small perturbation in the initial data induces a small influence of the computed value of the fixed point. For the remainder of our study, we need the following two definitions about stability of general iterative processes.
Definition . Let (X, · ) be a normed space, T : X − → X be a self-mapping on X. Let {x n } n ⊂ X be the sequence generated by an iteration involving T and defined by
where x  ∈ X and f is some function. Assume that {x n } n converges to a fixed point z  of T. Let {y n } n ⊂ X, and we define
Then (i) the iteration process () is said to be T-stable if lim n− →∞ n =  implies lim n− →∞ y n = z  ; (ii) the iteration process () is said to be almost T-stable if n∈N n < ∞ implies lim n− →∞ y n = z  .
For more information and interesting comments on these notions of stability, we can see [] . On the other hand, it is easy to observe that an iterative process () which is T-stable is almost T-stable but the converse is not true in general (see the counter example given in [] ). Furthermore, the iterative processes can converge without being stable. Indeed, the following example given in [, ] confirms this. In the following result, we establish almost stability of Picard's iterative process for our context of self-mappings. If n∈N n < ∞, then lim n− →∞ y n = z  . In other words, the Picard process is almost T-stable.
Proof The result is established by combining the fact that T is ψ  -quasi-nonexpansive together with Theorem . in [] .
